The pumping conductance of a disordered two-dimensional Chern insulator scales with increasing size and fixed disorder strength to sharp plateau transitions at well-defined energies between ordinary and quantum Hall insulators. When the disorder strength is scaled to zero as system size increases, the "metallic" regime of fluctuating Chern numbers can extend over the whole band. A simple argument leads to a sort of weighted equipartition of Chern number over minibands in a finite system with periodic boundary conditions: even though there must be strong fluctuations between disorder realizations, the mean Chern number at a given energy is determined by the clean Berry curvature distribution expected from the intrinsic anomalous Hall effect formula for metals. This estimate is compared to numerical results using recently developed operator algebra methods, and indeed the dominant variation of average Chern number is explained by the intrinsic anomalous Hall effect. A mathematical appendix provides more precise definitions and a model for the full distribution of Chern numbers.
I. INTRODUCTION
The problem of how conduction electrons move when the host metal is magnetic dates back at least to the measurement by Hall in 1879 of the effect that bears his name. The term "anomalous Hall effect" refers to the observation that in many magnetic materials an electric field generates a transverse current density, j y = σ xy E x (I.1) even in zero magentic field. Current belief is that in most materials the primary effect on conduction electrons of the magnetism, even in a ferromagnet, comes from the modification of the electron band structure via spin-orbit coupling rather than from magnetic fields. Recent years have seen a revival of interest including a great deal of progress on both the microscopic understanding of the effect 1,2 and its strength in various important materials 3, 4 ; these accomplishments are summarized in a recent comprehensive review by Nagaosa et al. 5 One reason why this effect is particularly interesting is that it is believed to receive an "intrinsic" contribution from the Berry phase 6 of the band structure, independent of the detailed nature of the disorder. The Berry phase is a geometric property that probes how the Bloch states of the band electrons evolve as the crystal momentum changes. As first discussed by Karplus and Luttinger 7 , the Berry phase appears in the semiclassical equations of motion of an electron wavepacket, and this was argued to explain the anomalous Hall effect. Even for noninteracting electrons, the connection between the Berry phase and observed transport phenomena is quite subtle because scattering processes give additional contributions to the transverse These authors contributed primarily to the mathematical Appendix.
conductivity σ xy . The goal of this paper is to use recent advances in the understanding of the Berry phase in insulators, specifically the integer quantum Hall effect
to give a different picture of the metallic anomalous Hall conductivity.
For most of this paper we will focus on two spatial dimensions, where (in the absence of spin-orbit coupling) the ultimate fate of a zero-temperature system is to be an insulator, either ordinary (σ xy = 0) or quantum Hall (Eq. I.2). Our goal will be to show that the metallic anomalous Hall effect can still be understood by interpreting it as a disorder average over quantized insulators. In each disorder realization, the insulator is characterized by a set of topological invariants determining n in (Eq. I.2), and σ xy is effectively quantized. The average over disorder gives a non-quantized σ xy , and we give an heuristic argument for why this averaged conductance should be determined in the weakdisorder limit by the intrinsic anomalous Hall formula. This approach gives a numerically accessible limit where the dominant, and possibly only, contribution to σ xy is the intrinsic contribution. We then apply a recently developed operator algebra method 8 to compute the disorder-averaged conductance numerically for several models with nontrivial structure in σ xy as a function of electron density, which adds support to the theoretical picture.
We now introduce some basic notions and then describe the results more precisely. The integer n is well known to be quantized in two-dimensional insulators: it is determined by the sum of the Chern numbers or TKNN integers 9 of the occupied bands. The Chern number is a topological invariant that is expressed as an integral over a band of the Berry curvature: defining the arXiv:1501.03391v1 [cond-mat.mes-hall] 14 Jan 2015
Berry connection or vector potential as
where j is a band index and k is crystal momentum, the Berry curvature is
and the Chern number of a band j is
Here the integral is over the Brillouin zone. The total quantum Hall effect is then
where in insulators each band is either fully occupied or completely empty.
The idea of the intrinsic anomalous Hall contribution is that, when a band is partially filled as in a metal, there remains something of the quantum Hall physics: there is a contribution to σ xy of the same form as the Chern number, except that the integral is only over the occupied states: (For conciseness, here and below we simplify the equations by assuming one partially filled band and ignore the quantized contribution from other bands that are completely filled.) This integral can be transformed to a Fermi surface integral if desired 10 . We will review some of the standard arguments for this contribution in Section II. The complications arise because of the disorder required to achieve standard metallic transport (as opposed to Bloch oscillations, where the electron distribution move periodically through the Brillouin zone with no relaxation). With disorder, there are additional contributions to σ xy from impurity scattering ("skew-scattering" and "side-jump" are two mechanisms that scale differently with the diagonal conductivity 5 ). Disorder is particularly challenging to handle analytically in the two-dimensional case that we start with, as it is known that in a time-reversal breaking system (with or without spin-orbit coupling) the ultimate fate of noninteracting electrons at zero temperature and in the thermodynamic limit is always an Anderson insulator or a quantum Hall state.
For this reason we would like to find a fully quantum treatment of anomalous Hall transport that is non-perturbative in the disorder strength and hence does not use the semiclassical equations of motion. It is known that if the disorder strength is kept constant as the system increases in size, eventually "quantum Hall plateau transitions" develop 11, 12 . (At very large disorder, all states become localized 13 and there is only the ordinary insulator.) The renormalization-group description of this process 14, 15 leads to a two-parameter flow diagram, in which metallic conductivity appears only as an intermediate-coupling, nonuniversal effect. The Hall conductance of a finite-size disordered system can be defined, under some assumptions, by an integral over periodic boundary conditions 16 , as reviewed in Section III. In the simplest case of a transition from ordinary insulator to n = 1 quantum Hall effect, virtually all realizations of disorder in a large system have σ xy = 0 for filling less than some critical value n c and have σ xy = 1 above this filling. An alternate case of Dirac fermions with spin-flip scattering where the Chern numbers move to band edges for strong scattering has been discussed 17 . A metal does appear in some other symmetry classes: for example, in the symplectic ensemble describing 2D systems with spin-orbit coupling, there is a metallic phase between the ordinary and topological insulators (the latter is the quantum spin Hall phase [18] [19] [20] ). This phase shows up as a region of fillings over which the Chern number continues to fluctuate as the system becomes larger.
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We will focus in this paper on approaching non-interacting metals in the unitary symmetry class (i.e., with broken timereversal symmetry), essentially by scaling disorder to zero as system size grows. The details of this approach are provided in Section III. The basic idea is that, in addition to the plateau transition limit of strong disorder (more precisely, fixed disorder as system size grows), there is a weak-disorder limit where Chern numbers are defined but fluctuate strongly from realization to realization. In other words, the Hall effect is strongly fluctuating between disorder realizations on a finite system. However, the average remains meaningful and shows nontrivial structure very similar to that of the metallic anomalous Hall effect. Section II reviews existing theories of the anomalous Hall effect and Section III introduces the theory of the Hall effect of a finite insulating system. There is a natural conjecture for the disorder-averaged Hall effect of insulators, which we compare to numerical simulations of a variety of models in Section IV. Section V discusses using the numerical results on the distribution of pumping conductance as input to macroscopic models of conduction in disordered magnetic materials. An Appendix defines more precisely the mathematical question of how Chern numbers fluctuate between realizations and reviews some geometric considerations that enter into a simple model of the full probability distribution.
II. KEY FEATURES OF THE ANOMALOUS HALL EFFECT
The simplest approach to the anomalous Hall effect in metals starts from the semiclassical equations of motion for a wavepacket of Bloch states. Remarkably, the AHE originates from a term in the semiclassical equations of motion that is neglected in almost all textbooks. This term was first obtained by Karplus and Luttinger, but partly because their work took place before the understanding of Berry phases, their results were not universally accepted. Consider the standard equations of motion
where . . . indicate the often omitted Karplus-Luttinger term that we now explain. As an electron wavepacket moves in kspace under the influence of an applied field, there are two contributions to its spatial velocity v. The first term, the group velocity, describes how the modified energy-momentum relation changes the velocity of the center of a wavepacket, which is an effect that would be present even for a point particle. The Karplus-Luttinger contribution, which can be derived quite systematically 1, 23 , describes how a change in k induces a change in the real-space location because the Bloch states are changing: this change is
Here F is the Berry curvature defined in the introduction, and for two-dimensional systems there is a single nonzero component of the Berry curvature. We will concentrate on the standard idealized limit where the time-reversal breaking effect on observables is not through an orbital B field but rather through the Berry curvature F. Now the simple, if not entirely convincing, approach to the AHE in the DC limit is to compute the current from the anomalous velocity term using just the applied field E without considering the fields of impurities that normally act to produce a finite conductivity. This could be justified by applying the Kubo formula with an order of limits that is not quite what takes place in an actual DC experiment: if the applied field E is extremely weak, then it takes a long time for the electrons to accelerate significantly from their ground-state distribution, and during this initial window the transverse current will indeed be given by
which is the same as Eq. I.7. The integration is over the groundstate electron distribution, and time-reversal symmetry must be broken to give a nonzero answer since otherwise F(k) is odd and E(k) even under k → −k. An objection, possibly first raised by Smit 24 , is that, in the usual picture of DC transport in a metal, the system has reached a non-equilbrium steady state (at least to linear order, i.e., neglecting Joule heating) between the applied electric fields and electric fields from static impurities. Then˙k is zero and the anomalous velocity term does not contribute.
Hence the semiclassical approach might be useful at nonzero frequency but requires care at zero frequency, since a metal requires some level of disorder to have a finite DC conductivity. In other words, it is not a priori clear why it should be allowed to regulate the divergent diagonal conductivity by introducing a relaxation time τ , while assuming that the relaxation's effect on σ xy is controlled. Without disorder one would obtain Bloch oscillations, with no relaxation to equilibrium so that the usual assumption of the Kubo formula is invalid, and in the Bloch oscillation regime there would be no justification for just integrating over the ground state. Diagrammatic treatments can be quite complicated and do not seem to be in clear agreement. There is substantial theoretical and experimental evidence 5, 25 that the intrinsic formula (I.7) does explain a large part of the DC conductivity in some magnetic metals. For example, the orientation dependence of the conductivity tensor in anisotropic crystals is consistent with predictions from electronic structure calculations of the Berry curvature 4 . One reason for taking the approach in this paper is to see how the AHE formula can be understood while avoiding the criticisms of other approaches 26, 27 . Part of this criticism in recent years grew out of consideration of the metallic spin Hall effect 28 , where at least for some disorder potentials it appears that the Berry-phase contribution is cancelled to 0 29 . The conclusion of the approach defined in the next section is that, for large finite samples, almost all of the variation of pumping conductance σ xy with energy is explained by the intrinsic contribution. The only scope for a cancellation of the intrinsic part in the measured conductance is thus if the Fermi-surface effects, which are expected to depend on details of scattering, exactly cancel the scattering-independent intrinsic part. The analytical picture and numerics presented here thus support the viewpoint of Ref. 5 that, even in more realistic 3D models (note that again treating finite systems a 3D model becomes equivalent to a large number of bands in a 2D model) at nonzero temperature in the thermodynamic limit, the intrinsic contribution can be dominant. A way to state the resulting picture is that the pumping conductance computed below is more likely to be controlled by the intrinsic Hall effect contribution, as there is no Fermi surface so the other, scattering-specific contributions are minimized (or even zero).
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III. PUMPING CONDUCTANCE AND STATISTICS OF CHERN NUMBER
A. Hall conductance in mesoscopic systems via pumping
In the thermodynamic limit of a two-dimensional independent-electron system with broken time-reversal symmetry, there is no metallic region of energies. Instead there are localized regions with occasional isolated energies supporting extended states of nonzero Chern number, and there is strong numerical evidence 11, 12 that the localization length diverges near these critical energies as
For a model system consisting of a tight-binding lattice Hamiltonian with "topological bands" having nonzero Chern number, to which on-site disorder is added, we expect at least two regimes. For very strong disorder, all states are localized and have Chern number zero, which could be viewed as happening via "floating" of extended states of opposite Chern numbers until they annihiliate 13 (note that the total Chern number of all the bands in a tight-binding model is always zero 30 ). For moderate disorder, as the system size grows larger with disorder strength fixed, at least one sharp "plateau transition" energy becomes well-defined within a topological band, and the collapse of the transition width (i.e., the range in energy over which Chern numbers flucutate) with system size can be used as a measurement of the localization length exponent ν.
Both of these limits have only insulating phases and cease to show strong fluctuations of the Chern number between realizations, except in a tiny range of energies around the plateau transitions. The focus of this paper is on the fluctuation regime, which can be obtained in a large system by running the disorder to zero as the system size increases. In order to explain the dominant effect observed in numerics in Section IV, we show how a simple theoretical argument leads to a conjecture for the average Chern number in the fluctuating regime that corresponds to the intrinsic anomalous Hall formula discussed in Section II. In this section we give the theoretical motivation for the conjecture and discuss pumping versus Chern number. Fluctuations of topological properties between disorder realizations are well known to appear in numerical approaches to metallic regimes, and continue to be studied actively 8, 31 , but we are not aware of a previous quantitative analysis of the low-disorder limit.
First, it is important to define what is meant by the zerotemperature conductance of a finite system. The quantity we compute is the pumping conductance, as defined by Thouless et al. 9, 16 to formalize ideas of Laughlin 32 shown in Fig. 1 . There are no leads and the transport is purely adiabatic: increasing a flux through the center of a Corbino disk, or through one great circle of a torus, leads to charge transport through the evolution of the ground state rather than through excitations. Adiabatic transport is possible because we expect no level crossings for a 2D system in the unitary ensemble because a degeneracy has codimension 3 (i.e., requires tuning three parameters) and there are only two free parameters (the boundary fluxes through the two great circles of the torus).
The Landauer conductance for an open finite system with leads corresponds to a different physical picture: the levels of the finite system are broadened and there is a nonzero diagonal conductivity, as opposed to the zero diagonal conductivity in the pumping picture. The way these two pictures become equivalent in the thermodynamic limit is that it ceases to be possible to remain adiabatic at any fixed nonzero frequency, as the energy scale of avoided crossings goes to zero. (Conversely, we expect the pumping conductance to be relevant to "closed" mesoscopic samples where the lead-induced linewidth is small compared to the level spacing.) The quantization of transport in the pumping limit means that we can analyze σ xy in each disorder realization using the standard topological invariant, Chern number. The disorder-averaged pumping conductance then becomes a statistical average of different Chern numbers in different realizations.
B. The intrinsic anomalous Hall formula as a statement about average pumping conductance
The simplest way to imagine how the Chern numbers might be distributed under the influence of disorder is as follows. Return to a lattice system with a topological band, say with Chern number +1, and for simplicity let us assume that this band is the lowest in energy. To study disorder, form a "supercell" of some large number N of the original unit cells, and now allow on-site disorder (most kinds of local disorder that break all symmetries should behave similarly). Before adding disorder, there would be N connected bands obtained from the original band, and the only well-defined topological invariant is the total Chern number, still +1. Now by the argument above, there will be no degeneracies in the new Brillouin zone, which is N times smaller than the original unit cell but has N times as many bands. More precisely, the line crossings that are present in a supercell without disorder (since generically two surfaces will have linelike intersections) will no longer be present. In the absence of intersections, each of the N "minibands" will have its own Chern number, and all these Chern numbers will sum to +1.
At densities of k/N electrons in the lowest band that fill an integer number k of minibands in the Brillouin zone for the supercell, the pumping conductance will be given by the total Chern number of all filled minibands. So we are led to consider the statistical problem of how minibands pick up Chern number in different disorder realizations. The case of fixed disorder strength in the thermodynamic limit is discussed above: for disorder not too strong, there is a well-defined plateau transition at some density, and the metallic region of fluctuating Chern numbers around this transition decreases as a power-law in system size.
When disorder is very small, so that its only effect is to avoid band intersections, the metallic region of fluctuating Chern numbers extends over the whole band, and both positive and negative miniband Chern numbers are occasionally seen. Consider two adjacent minibands. If on average the weak disorder, in the process of eliminating band touchings, does not shift Chern number up or down in energy, then the mean Chern number assigned to a band can come only from the Berry curvature for the corresponding density range in the non-disordered problem. In other words, the mean Chern number for each miniband will go to zero as ∼ 1/N , and the proportionality constant is related to the non-disordered Berry curvature for the corresponding interval of density (or presumably energy in the weak-disorder limit).
Hence, writing C i for the Chern number of miniband i, this argument leads to the expression
So we obtain the conjecture that the disorder-averaged quantized pumping conductance of an ensemble of weakly disordered insulators is far from being quantized and actually given by the (non-disordered) intrinsic anomalous Hall effect expression. The intrinsic anomalous Hall effect in metals is related to the averaged quantum Hall effect of insulators: this statement and its comparison to numerics are main results of the present work.
Construction of a possible model for the full distribution of the pumping conductance at each filling, not just its mean value, is described in the Appendix.
Clearly there are a number of assumptions in this argument that are difficult to justify: there is an assumption that the average over weak disorder does not move Chern number in a preferred direction in filling, for example. We will see in the following section, using recently developed numerical methods, that this prediction for the mean does correctly predict the dominant structure of the pumped conductance. An interesting question to which we do not have a full answer is about the full distribution of miniband Chern numbers, beyond just the mean. Both positive and negative integers appear, and a first approach is to construct a model for the Chern number based on (a) the conjecture for the mean above, and (b) random resolutions of the crossings that make the miniband Chern numbers independent and are almost statistically independent of each other (see Appendix). Since the simplest experimental observable by far is the mean conductance, we will focus on numerical tests of the conjecture (III.2) here.
IV. NUMERICAL METHODS AND RESULTS
A. Approaches to efficient computation of Chern number for pumping conductance
The first approach used to calculate Chern number was the conventional one of an integral over momenta (equivalently, over boundary phases 16 associated with phase-periodic boundary conditions on the torus). In the supercell, we define the projection operator P = |u 30 , we can then compute the Chern number as the integral over momenta
With a sufficiently fine mesh, this approach indeed gives quantization of subbands, but the fine mesh required means a considerable computational effort, limiting accessible system sizes to 10 by 10 or less. To study larger system sizes and obtain a reasonable test of the conjecture regarding Chern numbers, we use the method of Hastings and Loring 8, 33 . Let P again be the projection operator onto some set of bands. Then define two matrices U and V using the band-projected position operators in the two directions:
An integer (believed in general to equal the Chern number) can be defined that characterizes how far the U and V matrices, which are almost unitary and almost commuting, are from commuting:
where the definition of the determinant is by exponentiaing the trace of the logarithm as in the previous equation. The integer m can be nonzero once we note that there are many eigenvalues so that the total of their imaginary parts may be nonzero and equal to 2πm even if each individual eigenvalue is .
A feature of this approach is that the method is constrained to return an integer for each band, even in the clean case where no Chern numbers for individual minibands are defined. Hence we expect that at sufficiently small disorder the results cannot be trusted, and indeed at disorder values smaller than the ones in the following section, the Chern numbers become seemingly random small integers. We have restricted ourself in the following to large enough disorder that the Chern number results are not distorted by this type of systematic error.
B. Tight-binding models with nonzero Berry curvature
The first model we use to illustrate our findings is the typical Hofstadter problem on a square lattice,
in terms of creation operators c † jk for particles on site (j,k) of the square lattice. Electrons can hop from site to site while motion in y-direction comes hand in hand with a site-dependent phase e −ijA0 that reflects the presence of a uniform magnetic field perpendicular to the lattice plane. We concentrate on the special value A 0 = Φ 0 /5 of the magnetic field, where each unit square contains one-fifth of a flux quantum and a unit cell of five sites can be defined. The electronic behaviour can then be described by a band structure with five bands as shown in the inset of Fig. 2 . The figure itself shows the intrinsic contribution to the Hall conductivity as a function of the filling fraction of the bands, following the Berry curvature integral in Eq. (IV.9). For filled bands (dotted lines), it equals the sum over the Chern numbers of the occupied bands. In this model, the bands carry Chern numbers 1, 1, −4, 1 and 1 respectively.
The second model we consider is again a hopping model on a square lattice but this time with a spin degree of freedom. It is best defined for a clean system in momentum basis first,
with Pauli matrices σ i and momenta k x , k y ∈ [−π, π) in the first Brillouin zone of the two-dimensional system. The two bands of the model, E ± (k) = ±|n(k)|, are plotted on the left in Fig.  3 for m = 1.9. The corresponding hopping model reads While the hopping model may seem complicated, the specific beauty and usefulness of this model comes with the fact that only two bands exist and that the Berry curvature can be expressed in terms of the normalized vectorn(k) = n(k)/|n(k)|, yielding
when only states in the lower band are occupied. The right part of Fig. 3 shows the intrinsic contribution as a function of filling for this clean hopping model. For a completely filled lower band, the intrinsic contribution σ intrinsic xy = Ie 2 /h is determined by the Chern number
The vectorn(k) can be interpreted as the spin quantization axis for a given momentum and the Chern number becomes the winding number of this vector throughout the Brillouin zone, as illustrated in the inset of Fig. 3 for m = 1, where I = 1.
C. Numerical results with disorder
Disorder is introduced in our models by adding a random potential energy on each site of the lattice to the Hamiltonian,
We take these random energies from a gaussian distribution with zero mean and variance U . One can reduce undesired localization effects slightly by considering a different type of disorder distribution. We have tested this for a Wigner semicircle distribution -the results did not change much though. Our presentation will thus focus on Gaussian disorder. To confirm our hypothesis numerically, we take disordered square samples of size L × L for either model and calculate the Chern numbers for the disorder bands following the methods mentioned in Sec. IV A. We then plot the disorder average of the sum of Chern numbers of the first l disorder bands against the "filling" n = l/L 2 and compare it to the intrinsic contribution to the Hall conductance of the clean case.
Generally the numerical treatment has to be done carefully: a certain size is required so that sufficiently many disorder bands guarantee applicability of a statistical description. On the other hand Anderson localization sets in at a certain sample size for fixed disorder strength. This has to be avoided to maintain a metallic behaviour. Furthermore the numerical procedures only work reliably for large enough disorder strengths. For reasons of numerical efficiency, all results shown below have been obtained with the method of Hastings and Loring 33 -agreement with the conventional method of integration over boundary fluxes has been established for smaller sample sizes though. Fig. 4 shows our results for the disordered one fifth Hofstadter problem. We have focussed on the first two bands where all general trends can be observed. For the first band, the we find remarkable agreement between the disordered data and the intrinsic Hall conductivity in the clean case (red line) at sample sizes L = 20, 30, 40 and U = 0.01. One can see that the agreement becomes better with growing sample size. For the second band, the deviations between the clean and disordered cases are still a bit larger although the shape shows a clear resemblance. Naturally different bands may show a varying degree of convergence between the two cases. We suspect that The lower plot of Fig. 4 compares different disorder strengths. Disorder strengths U = 0.01 and U = 0.001 give practically the same results, the latter may already be effected slightly by numerical imprecisions. A deviation can be seen for U = 0.1. In the lower band, localization sets in and flattens out the contribution of the outer disorder bands -around filling 0 and 1. The accumulation of Berry curvature is then concentrated on the band center. When investigating the behaviour of the second band, it may surprise to see better results for larger disorder. While the opposite behaviour would have been more reassuring, this doesn't constitute a problem per se, since there is an easy explanation: our conjecture is expected to hold for the small disorder -large system limit where the length of the system needs to be rescaled by L ∝ 1/U 2 with decreasing disorder strength for curves to be comparable. Thus curves at fixed disorder are not required to show any clear relative behaviour when compared. An optimal treatment would show curves for different disorder strengths and fixed U 2 L = const. Unfortunately the rather limited numerically accessible range of system sizes (L 40) renders such an approach fruitless.
Let us now proceed to the second model (Eq. IV.6). Fig. 5 demonstrates the good agreement we obtain between the disordered data and the intrinsic Hall conductivity in the clean case (red line) at various sample sizes and disorder strentghs. We chose m = 1.0 for the plots since then the gap between the bands is relatively large and the bands carry Chern numbers 1 and −1 respectively. Even though it is hard to see, larger samples provide better agreement (upper plot), just as lower disorder strength does. The green curve in the lower plot shows deviations due to localization of the outermost bands (around filling one), caused by the strong disorder U = 0.1. The two band model further allows us to explore the situation where the chern number of the bands is zero but where there are still Berry curvature effects. In Fig. 6 we show data for m = 2.2 where this is the case. Once again we find reasonable agreement which grows with system size.
In summary our numerical results support our theoretical predictions qualitatively. A full quantitative agreement is out of reach due to the computational costs required to reach full convergence.
V. METHODS TO MODEL EXPERIMENTS
In this section we discuss briefly how the purely quantum, T = 0, finite-size results of this paper could be used as a basis to model experimental parameters under more realistic conditions. At T = 0, with fully coherent transport, there is no metal in two dimensions with broken time-reversal symmetry; rather, in the weak disorder limit discussed here, there would be strong sample-to-sample fluctuations between ordinary and quantum Hall insulators. At nonzero temperature decoherence leads to a nonzero conductivity. The problem of obtaining the effective conductivity tensor of disordered materials under time-reversal symmetry breaking is a widely studied one. These studies typically fall into two categories -one that studies a system with a continuously varying conductivity tensor, and one that refers to a system that is broken into regions with different conductivities and a sharp boundary between them, a so-called composite medium. The result of the preceding sections, that a finite-size region of a disordered sample has a statistical distribution of pumping conductance in the weak-disorder limit, can serve as inputs to these larger-scale models.
The effective conductivity tensor of a system is defined as where j and E are the spatial (or volume ) averages of the local current density, j(r), and electric field, E(r). These in turn are connected through the local relation j(r) = σ(r)E(r), with σ(r) the local conductivity tensor. The first approach to obtaining σ e is known as the effective medium approximation (EMA) 34, 35 , similar in spirit to a mean-field approximation, where a composite system is thought of as being made of grains with local conductivity σ l , embedded in a uniform background material with conductivity σ e , which is solved for self-consistently. This method is most useful when considering a system made of a random mixture of two phases with scalar conductivities, where a closed form solution can be obtained for σ e as a function of the two local conductivities and the fraction of space they occupy. For non-scalar conductivities, which is the case of interest for systems with broken time reversal symmetry and a Hall-like response, this approximation allows for asymptotic solution at very high values of the magnetic field 36 .
Other methods focus on studying inhomogeneous quantum Hall systems near a plateau-plateau transition, taking a percolation theory approach where the picture of current networks forming at the boundary between quantum Hall puddles of different filling fraction is used to predict the scaling behavior of the Hall resistance. 37, 38 Two dimensional inhomogeneous media in a magnetic field can also be studied through using linear fractional transformations and duality relations 35 . For example, in quantum Hall systems, fluctuations in the background potential cause the system to phase-separate into puddles of two quantum Hall phases with different Hall conductance. One way of applying linear fractional transformations for this scenario is by thinking of the local conductance as a complex number rather than a tensor, σ l = σ l xx +iσ l xy and mapping the system onto one with with zero magnetic field, where for a two phase composite exact solutions for the effective conductivity can be found. This way one can also derive a semi-circle relation between the longitudinal and the Hall conductance (another way is to map the system onto itself but flipping the direction of the magnetic field) 35, [39] [40] [41] [42] .
For more complicated scenarios where we expect the system to be composed of a random mixture of phases obtaining multiple values of the conductivity, a network model was formulated and numerically solved by Parish and Littlewood 43 originally as means to account for the non -saturating linear magnetoresistance observed in some inhomogeneous semiconductors. Within their model, the material is discretized into a random resistor network in a perpendicular magnetic field, where each unit is a four terminal disk. Four incoming and outgoing currents, I i are connected to four voltage differences V i via an impedance matrix Z,
which is found by solving the Laplace equation with the appropriate boundary conditions. The parameters in Z vary from unit to unit, generating the randomness of the network. The overall impedance of the network is the found numerically by using Kirchoff's law. The interesting behavior observed when mapping out the local current profile is that current loops form in the bulk, producing a Hall-like behavior with a Hall resistance linear in the magnetic field in the infinite network limit.
VI. CONCLUSIONS AND FUTURE DIRECTIONS
This paper demonstrates a close connection between disorderaveraged pumping conductance in weakly disordered mesoscopic systems and the instrinsic anomalous Hall effect in metals. Only greatly simplified model band structures have been studied, and an obvious direction for future work is to see if the same strong correlation between pumping conductance and the intrinsic Hall effect formula is observed in realistic models of magnetic materials such as iron. On the theoretical side, the Chern number is just one case of a topological invariant that is additive over bands, and the same question of how the topology is apportioned over minibands can arise for other symmetry classes and topological invariants. A specific example is the symplectic case (i.e., a material with time-reversal symmetry and spin-orbit coupling), which in two dimensions has a Z 2 invariant. If the spin-orbit coupling conserves a U (1) symmetry such as spin in the z-direction, then the problem will reduce to two copies of that studied in this paper. For generic spin-orbit coupling, the statistical properties of Z 2 invariants are an interesting question that requires a different theoretical approach than applied here.
The improvement of numerical methods 33 to calculate topological invariants on a large system was an important enabling development for the present work, and we hope the present application will stimulate further methodological developments. Another important theoretical development was the recent successful analysis of renormalization-group flow of conductivity in universality classes AIII and BDI in one dimension 44 , which have topology similar to that of the integer quantum Hall effect. A similar analysis for the quantum Hall universality class should yield a limit of non-quantized σ xy obtained by reducing disorder with increasing system size as done here. It would be quite desirable to develop a field-theoretic treatment of disorder averaging in the metallic regime that incorporates the microscopic information contained in the Berry curvature on momentum space in order to reproduce the observed dependence of σ xy on density.
This resolution produces precisely n 2 -bands e i , i ≤ 1 ≤ n 2 , e i : T small → R. For topological reasons (the additivity of Chern classes -45 ) the Chern number is conserved:
The ordered list of Chern numbers: (c 1 (e 1 ), c 1 (e 2 ), . . . , c 1 (e n 2 )), the "Chern sequence" c, while deterministic in the precise choice of disorder, can also be regarded as a random variable on a measure space of possible disorder realizations (taken from disorder model in which parameters, e.g., "strength of disorder", have been fixed). It looks exceedingly hard to solve a general instance of the deterministic problem so it may be of some value to propose a simple statistical model which captures key aspects of band resolution and requires as input only the most basic features of the band e and the disorder model. We write a Gibbs-type distribution for the Chern sequences c by assigning to each c a kind of mock energy E( c), with p( c) =
, where the partition function Z = c e −βE(c) . Strangely, high β (i.e., low temperature) corresponds to strong disorder, because as explained in the main text large disorder leads to the standard quantum Hall plateau transition at a fixed density and energy. The fluctuating regime corresponding to high temperature is physically the metallic regime of weak disorder.
As input to the model we need two functions on T 
which specializes to the integrand of line (20) of this paper when the projectors act within C 2 . Formula A.2 also gives the c 1 -integrand on all BU (m) for general rank. Besides e and c there is a parameter τ ∈ R + ∪ 0 that (roughly) measures influence of genericẽ-triple points: τ increases if there are more k ∈ T 2 big with e(k) = e(g 1 (k)) = e(g 2 (k)) for k ∈ T 2 big and g 1 , g 2 = id are distinct elements of G := Z n × Z n . The final input is a choice of reciprocal temperature β ≈ disorder strength. (A more precise understanding of this relationship would be desirable.) Before describing the model we step back and give some abstract background for the phenomena we propose to model. The single band {ψ k } defines a complex line bundle E → T 2 big , i.e., the line E k ≡ Cψ k , the span of ψ k , lies over the point k. E pushes forward to a rank n 2 vector bundle F → T 2 small where the fiber F j over j ∈ T 2 small is:
the direct sum being unordered. Each summand is still labeled by its energy eigenvalue e(k).
Topologically F is isomorphic to a direct sum of n 2 line bundles. We give two reasons for this: the first abstract, the second concrete.
First, the classifying space BU n 2 in dimensions < 2n 2 is homotopy equivalent to stable BU , which by Bott periodicity has:
Thus any map T big → BU n 2 , for dimensional reasons, factors through the 2-skeleton of BU n 2 which it shares with BU (1):
This tells us F actually has the form (line bundle) ⊕ (trivial line bundles). This is more than we want. We want to arrive at a physically natural decomposition which in general will have many nontrivial factors. The concrete picture is based on "eigenvalue repulsion" which states that in families of Hermitian matrices collision of eigenvalues is a codimension 3 event. Since dimension T 2 small = 2 < 3, the multi-bands of F ,ẽ, will not collide if allowed, through disorder, to become generic. Then the eigenvectors associated to n 2 disjoint bands over T small define a decomposition into line bundles F ∼ = ⊕ line bundles.
Let us look first at the topological picture of resolving a multiband in one dimension, for, say, n = 3 (see Figure 7) . In two dimensions the situation is similar but there are now generically triple points of bands to consider. Looking down from the top, say, at the graph of the multi-functionẽ : T 2 small → R we see triple points as in Figure 8 .
The resolution of triple points together with the previously shown one dimension resolution (Figure 7 ), but now in 1-parameter families along double point arcs and double point circles, occurs when the Hamiltonian H k is perturbed to avoid eigenvalue collision. The result is some explicit way of decomposing F as a sum of line bundles. By (A.1) the total Chern number is conserved, and this is all we know rigorously. But we now present a detailed heuristic for how to understand this conservation law as locally implemented by the resolution of double and triple points. This perspective, although heuristic, suggests a way to model the "diffusion" of curvature between nearby small bands.
In mathematics, symmetry often destroys genericity and so it is here: the G = Z n × Z n symmetry of the cover T forces a non-generic eigenvalue distribution on F → T 2 small . Disorder breaks this symmetry and perturbs the n 2 bands to be disjoint, much as drawn in Figure 8 . The weaker the disorder the closer the classifying map comes to the co-dimension = 3 eigenvalue-collision locus X, so the more violently the eigenspaces must move in following the resolution which carries them between orthogonal eigendirections. If the resolution is on a (momentum space) length scale l, the velocities of the eigenvectors scale as l −1 . This leads to our interpretation of effective temperature in the model.
A final preliminary to defining the model is to understand a conservation law pertinent to the resolution of a single double circle between two sheets ofẽ. Consider an angular region A ⊂ T 2 small around the double curve, and for simplicity assume no other double curves meet A. Imagine the disorder perturbs A relative its boundary ∂A. Before the perturbation interior A meets X (actually along a circle but this is not relevant). The universal first Chern form w for the two bands integrates to ±1 respectively on the linking 2-sphere to X; it is the Bott generator. The perturbation to A relative ∂A will generically contribute oppositely: ± A w to the two bands. The contribution is not generally integral since ∂ A = ∂A = ∅. Thus when bands are resolved we expect bits of curvature to be added to one band and subtracted from an adjacent band. Triple points make the picture still more complicated by sharing curvature between triples of adjacent bands. We model this effect by introducing a correlation coefficient, τ . We now define the model.
Over T 2 small we define the pre-resolution bands e i , 1 ≤ i ≤ n 2 , as e i (j) = i th largest value among e(k) where π(k) = j. The e i are piecewise smooth and we define a i = e i w. Note that {a i | 1 ≤ i ≤ n 2 } can be computed from the functions e and c. Now consider all possible "double point" corrections d i , 1 ≤ i < n 2 , so that the following numbers are integers: e i :
BU (1) ⊂ BU n 2 has a geometrically natural energy, d area |∇ē| 2 , of which the portion integrated away from the multiple points is fixed by the data e and c. For the integral near the double points we use the Chern curvature density as a surrogate for energy. There is a Wirtinger-type inequality:
|Chern curvatureē| ≤ const. |∇ē| 2 , (A.5) and we are using the left-hand side to estimate the right-hand side. This is likely a better approximation the higher the disorder. Disorder sets the length scale (in momentum space) over whichē can relax toward a map using only the topologically mandated energy. Similarly, the longer this length scale, the more the perturbed system explores its phase space before choosing the curvatures d. This is the reason increasing disorder corresponds to increasing β. The τ |d i − d i+1 | term is an attempt to capture the influence of triple points, which spreads out curvature over adjacent triples of bands. The term enforces some local correlation between the d i and d i+1 .
The appearance of absolute values may look strange but this is the correct scaling for energy/Chern number. To see this,
